I. Introduction
Chaotic systems are a class of nonlinear systems. They have extreme initial conditions sensitivity and possess complex dynamics, characterized by the presence of a so called strange attractor in their state space [1] . It is ascertained that two or even more chaotic systems can synchronize their dynamics in some form [2] . This phenomenon is called chaotic synchronization. Different approaches are proposed to achieve chaotic synchronization, the most popular of them are the full or partial replacement synchronization methods [3] , the active-passive decomposition method [4] , the one-way coupling feedback method [5] , different two-way coupling methods [4] etc.
The chaotic synchronization phenomenon has different practical aspects, but the most important one is to use chaotic synchronization as a basis for secure communication systems. There the stochastic-like chaotic signals are used to hide and secure the transmitted information signals from unauthorized access. In general, chaotic systems are built into the transmitter and into the receiver of the communication system, they are then synchronized by a proper synchronization approach and the chaotic synchronization signal, which is transmitted between the transmitter and the receiver, is used to hide in some form the information signal. Two well-known methods to do this are the chaotic switching [6] and the chaotic modulation [7] . The signal, which is passed through the public accessible channel between the transmitter and the receiver, is in fact a chaotic signal. For an unacquainted person, eventually monitoring it, it seems like a completely random signal. When this chaotic signal reaches the receiver of the communication system, providing successful synchronization is accomplished between the chaotic systems in the transmitter and in the receiver, the chaotic system built into the receiver becomes an identical copy of the one, built into the transmitter. This makes possible to recover the information signal in the receiver.
In recent years, different attempts are made to refine and improve as the chaotic synchronization methods, as well as the methods for secure communications on the basis of chaotic synchronization. The main aim of these refinements is to increase the degree of protection of the transmitted information signals. For example, different kinds of chaotic synchronization behavior exist, and some of them are more appropriate for use in a chaotic communication system than others. The most popular type of chaotic synchronization is the identical one. This is the case, when two identical chaotic systems evolve absolutely identical in time and the differences between their corresponding pairs of variables tend to zero. Other type of chaotic synchronous behavior is the so called anti-synchronization. This is the case, when the sum, and not the difference, between the corresponding pairs of variables must tend to zero. Recently, the concept of hybrid synchronization is introduced [8] . When a particular chaotic synchronization system is designed in such way, that some of the pairs of variables of the two synchronized chaotic systems are identically synchronized, and the other pairs are anti-synchronized, the two chaotic systems are said to be hybrid-synchronized. It has been found, that if such type of synchronization system is used in a chaotic communication system instead of the more typical identical synchronization system, this can increase the degree of protection of the transmitted information [8] .
Different way to increase the degree of protection of the information in the chaotic communication systems is to use not chaotic, but hyperchaotic systems as a basis for the realization of the communication system. The hyperchaotic systems possess two (instead of one, as is the case of chaotic systems) positive Lyapunov exponents, which determine the exponential divergence of the nearby trajectories in two different directions in the system's state space. This phenomenon makes the structure of the chaotic attractor more complex.
In this paper, a chaotic synchronization system with hybrid synchronization is designed. A new variant of the popular Chua chaotic model is chosen as a basis for the system. This model is a fifth-order hyperchaotic one. The designed form of hybrid synchronization is such, that the second and the fourth pairs of state variables of the two hyperchaotic systems to be in anti-synchronization regime, and the other three pairs of variables to be in identical synchronization regime. To achieve the desired complex synchronization behavior, an active controller is applied to one of the systems. The controller's control functions are information technologies and control designed on the basis of the Second Lyapunov stability method, which is applied to the error system.
II. Description of the Hybrid Chaotic Synchronization Approach
Generally, two identical and usually continuous chaotic systems are used as a basis for a chaotic synchronization system. More often, the connection between the two systems is of a one-way type, i.e. one of the two systems, called Master system, provides synchronization signal to the other system, called Slave system. At the same time, the Master system is not dependent of the dynamics of the Slave system. Such synchronization system can be described in the generalized form
, where are the state vectors of the Master
(1) and the Slave (2) systems respectively,
is the synchronization signal from the Master to the Slave system (the controller) and it contains at least one of the Master system's variables. The initial conditions of the systems (1) and (2) are different:
When the purpose is to achieve identical synchronization between the systems (1) and (2), the controller must be designed in such way, that the following condition to be satisfied:
is the error function between the Master (1) and the Slave (2) systems.
If the aim is to achieve anti-synchronization between the systems (1) and (2), the controller must be designed in such way, that the condition (3) to be satisfied, but this time for different error function, namely of the type
If one wants to achieve hybrid synchronization between the systems (1) and (2), the controller must be designed in such way, that one part of the variables of the ) (t e vector to be of type (4) and the other part of the variables to be of type (5), according to the desired form of hybrid synchronization. The task to design a hybrid synchronization system can be viewed as a task to design a controller to the non-linear error system between the systems (1) and (2)
which must stabilize the error system in the point 0 = e .
The matrix E in (6) is a diagonal matrix with elements 1 ± , specifying the desired form of hybrid synchronization. Obviously, the stabilization of the error system in the point e = 0 corresponds to a synchronization regime (3) between the Master (1) and the Slave (2) systems. The substitution of (1) and (2) in (6) yields (2) (7) where . The controller's design can be done on the basis of the stability conditions of the Second Lyapunov method, where one must find a Lyapunov function , such that the following three conditions to be satisfied:
Usually, to satisfy the conditions (8) and (9) , including the E matrix, be in the form:
where the first part is the opposite of the first part of the error system (7) (active control), and the second part of the control function must be chosen in such way, that the condition (10) to be satisfied. After substituting (12) into (7), the error system becomes in the form (13) .
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III. Application of the Hybrid Chaotic Synchronization Approach to the Fifth-Order Chua Model
Most of the known models of chaotic systems are of third-order. They possess only one positive Lyapunov exponent. The known models of hyperchaotic systems, which possess two positive Lyapunov exponents, are significantly fewer. Most of the hyperchaotic systems are of fourthorder. Between the few fifth-order hyperchaotic systems is a model, which is derived from the popular third-order Chua model [9] , and which is used to describe a relatively simple electronic circuit, in which the currents and the voltages change chaotically. For the purposes of this paper, the system will be viewed only as an abstract mathematical model, which can be used as a generator for hyperchaos. The equations of the fifth-order hyperchaotic Chua model are A chaotic synchronization scheme of the basic type (1), (2) is then designed on the basis of the fifth-order Chua model with a Master system (17), and a Slave system in the form 
i.e. the aim is to design control functions to the Slave system in such way, that after the condition for synchronization (3) is satisfied, the first, the third and the fifth pairs of state variables of the Master and the Slave systems to be synchronized identically, and the second and the fourth pairs of variables to be anti-synchronized.
Taking (21) into account, the error system between the Master system (17) and the Slave system (19) can be written in the form of (7): (22) If a standard Lyapunov function candidate of type (11) information technologies and control
, which satisfies the conditions for stability (8) and (9) [ ] On figure 3 , the error functions (21) are shown, which confirm the entering of the two hyperchaotic systems (17) and (19) in a regime of hybrid chaotic synchronization after a transient process of approximately 3 s. Similar results are obtained for different sets of initial conditions of the two systems.
On figure 4 , the joint time evolution of each pair of corresponding state variables x i (t), x i (t), i = 1 ÷ 5 is shown. The Master system variables x i (t) are depicted with a solid line, while the Slave system variables are depicted with a dashed line. Figure 4 clearly illustrates, that the first, the third and the fifth pairs of variables become identically synchronized after the transient process finishes, while the second and the fourth pairs become anti-synchronized, i.e. the chaotic evolution of one of the variables mirrors the evolution of its counterpart of the other system.
On figure 5 , the projections of the hyperchaotic attractors of the Master and the Slave systems in the three-dimensional state sub-spaces (x 2 , x 3 , x 4 ) and (x 3 , x 4 , x 5 ) are shown. To distinguish them, the state trajectory of the Master system is plotted with a more solid line.
IV. Conclusion
In this paper, a controller to a hyperchaotic system is designed on the basis of the Second Lyapunov method. The controller causes the system to enter in a state of hybrid chaotic synchronization with another, identical to it, hyperchaotic system. The two systems are of the same type, but after the control is applied to the Slave system, it already has a different type of chaotic dynamics and in fact can be regarded as a new type of hyperchaotic system, which possesses an attractor, different from that of the original system without the control. Only one particular combination of identical synchronization and anti-synchronization of the two systems' pairs of corresponding variables was presented in the paper, but the same approach, without any principal differences, can be applied for an arbitrary chosen other combination of error functions. 
